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1 Intr oduction

RandGenisageneral-purposepurposeprogramfor generatingrandomnumbers,designedfor usein computersimulations.
Thegoalwasto freeyou from having to work out thedetailsof generatingthespecifickindsof randomnumbersthat
you want.Instead,you just tell RandGenwhatsortsof randomnumbersareneeded,andit generatesthemfor you.

RandGenwill generaterandomnumbersfrom many differentkindsof probabilitydistributions.Thebasicscenario
is that it generatesrandomsamplesof a desiredsizefrom a desiredpopulation. Eachsamplemaybe measuredon
a numberof variables,andthesevariablesmaybe correlatedor independent.As a specialcase,RandGenwill also
generaterandompermutationsof integers(seethespecial“shuffle” mode).
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1.1 A Simple Example

A simpleexamplewill illustratehow RandGenoperates.First,youprepareaninputfile (call it “1stEx.In”) describing
the randomnumbersto be generated(seeTable1 for an example). Then,at a command-lineprompt,you issuethe
command

RandGen 1stEx

RandGenreadsthe informationin 1stEx.Inandproducestwo outputfiles: (1) a file containingthe randomnumbers
thatweregenerated(seeTable2 for an example),and(2) a file containingsomesummarystatisticscomputedfrom
theserandomnumbers(seeTable3 for anexample).

Table1: An exampleof a RandGeninputfile, preparedby theuserwith any plain-text (ASCII) editor.

* Exampleshowing how to generate12 randomnumbersfrom a
* Normaldistribution with mean100andstandarddeviation 15.
Samplesize12
NVariables1
Normal(100,15)

Thenumbersin 1stEx.Datarethe randomnumbersfor usein a simulation. For example,they might be readby
a programcarryingout thesimulation,or they might be importeddirectly into a statisticalpackagefor analysis.The
summaryinformationin 1stEx.Sumis providedsoyou cancheckup on therandomnumbergeneration.

1.2 Capabilities of RandGen

Thecompletelist of probabilitydistributionsthatcanbeusedfor generatingrandomnumberswithin RandGen,along
with theirparameters,canbefoundin section5. RandGencangeneratemorethan50differentdistributionsof random
numbers.For example,it cangenerateuniform,exponential,gamma,chi-square,

�
, and � randomnumbersinsteadof

normalones.Seesection5. for moreinformationaboutthepossibledistributionsof randomnumbers.
RandGencanalsogeneratemorethanonevariableat a time, for situationswhereyou want to simulatesamples

of multivariateobservations(a maximumof 20 variablesin the currentversion). You can build any desiredtrue
correlationsinto the underlyingmultivariatedistribution from which thesemultivariatesamplesare taken. In the
specialcaseof bivariaterandomnumbers,RandGenprovidesa choiceamongthreedifferenttypesbivariatestructures
(describedin section7).

Table2: A setof randomnumbersgeneratedby RandGenfrom the input file 1stEx.In(shown in Table1). These
numbersarewritten to thefile 1stEx.Dat.

1.03567923462157E+0002
7.99005441505953E+0001
1.12283845079420E+0002
1.33209049874592E+0002
1.06709082584233E+0002
1.02176624742546E+0002
9.46441347800793E+0001
9.86770495570442E+0001
9.58360087839738E+0001
1.08312067310089E+0002
9.41720651255518E+0001
9.46809573223893E+0001
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Table3: RandGen’ssummaryof therandomnumbersshown in Table1. Thissummaryis writtento thefile 1stEx.Sum.

Summaryof randomnumbersin file 1stEx.Dat;SampleSize= 12

X[1]: Normal(100,15)
Truedistribution: Mu = 100.0000;Sigma= 15.0000
This randomsample:Mean= 102.0141;SD= 12.4185
Goodnessof fit ChiSqr(3)= 4.500,p = 0.212

2 Structur eof the Input File

RandGenreadsall of its programcontrol informationfrom an ASCII file of input parametersthat you createwith
an editor prior to startingRandGen.This sectiondescribesthe differentparametersandhow to set them. The file
“Examples.In”showsanumberof examplesof differentinput files,andit maybeeasierto learnabouttheparameters
by lookingat theexamplesin thefile ratherthanreadingthis sectionof thedocumentation.

Herearesomegeneralcommentsabouttheparameters:� With somecrucialexceptions,oneparameteris specifiedon eachline of theinput file.� Theparameterscanappearin (almost)any order.� Most parametersareoptionalandhave reasonabledefaults.� Noneof the parametersarecase-sensitive. In theheadingsbelow, I have capitalizedthe required partsof the
parameternamessothatyou canseehow to abbreviatethem.� Parameterscanbefollowedon thesameline by comments.By default,theasteriskis usedto starta comment,
but this canbechanged.

Theparameterswill bedescribedapproximatelyin orderfrom themost-commonly-usedto least-commonly-used.
Someof the terminologyusedin this sectionassumesthat you have thebasicconceptsof randomvariablesand

their probabilitydistributions(marginal andmultivariate).If you do not understandthis terminology, you mayfind it
helpful to readthebackgroundprovidedin section6, or thereferenceslistedin thereferencesection.

2.1 Setting the Number of Variables

The“NVARIABLES” parametertellsRandGenhow many variablesareto begeneratedfor eachof therandomcases.
Critically, thisparametermustbefollowedby a seriesof linesindicatingthemarginal distributionsof thevariablesto
begenerated,oneperline. Example:

NVariables3 * This indicatesthat3 variablesshouldbegenerated.
Normal(0,1) * Variable1 is normalwith ����� and �	��
 .
Uniform(0,100) * Variable2 is uniformbetween0 and100.
t(15) * Variable3 is a � with 15 degreesof freedom.

2.2 Setting the SampleSize

TheSAMPLESIZEparameterdetermineshow many randomcasesaregenerated(with NVARIABLES variablesper
case).Example:

SAMPLESIZE100 * Generatesamplesof 100cases.
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2.3 Setting the Corr elations

This parameteronly hasmeaningwhenNVARIABLES is greaterthanone. It is usedto specify the valuesof the
desiredcorrelationsbetweenvariablesin theunderlyingmultivariatedistribution.Examples:

* An examplewith 2 variables:
NVARIABLES 2 * Generatevariableswith thenext two marginals.
Normal(0,1)
Uniform(0,1)
CORRELATION 0.7 * Theunderlyingbivariatecorrelationis 0.7

* An examplewith 3 variables:
NVARIABLES 3
Normal(0,1)
Uniform(0,1)
Gamma(5,0.1)
CORRELATION
0.70.6 * Thetruecorrelationsare:normalanduniform-¿.7,
0.5 * normalandgamma-¿.6, anduniformandgamma= .5

Notethata singlecorrelationis specifiedonthesameline astheCORRELATION parameter, but acorrelationmatrix
(3+ variables)startson thenext line.

2.4 SettingRhoController Dir ectly

This parameteronly has meaningwhen NVARIABLES is greaterthan one. It is usedto specify the valuesof
RandGen’s internalRHOCONTROLLER parameters.Thesearediscussedin moredetail in section7.4,but in brief
theseare the valuesthat RandGenadjuststo get the desiredcorrelations. If you specify the correlationsbetween
variablesusingtheCORRELATION parameter, thenRandGenwill conducta possiblytime-consumingsearchto find
the necessaryRHOCONTROLLER valuesto producethosedesiredcorrelations.The RHOCONTROLLER values
obtainedthroughthesearcharewritten to thesummary(.Sum)file, andfrom thereyoucouldcopytheminto theinput
file. That way, you would specifyRHOCONTROLLER valuesratherthanCORRELATION valuesfor thenext run
(andall future runs),andRandGenwould go fasteron all subsequentrunsbecauseit would not have to repeatthe
RHOCONTROLLER searcheachtime it wasinvoked.Examples:

* An examplewith 2 variables:
NVARIABLES 2 * Generatevariableswith thenext two marginals.
Normal(0,1)
Uniform(0,1)
RHOCONTROLLER 0.7153 * Previoussearchshowedthisgivescorrelation= 0.7

* An examplewith 3 variables:
NVARIABLES 3
Normal(0,1)
Uniform(0,1)
Gamma(5,0.1)
RHOCONTROLLER Previoussearchshowedthesegive
0.71530.6126 * truecorrelationsof: normalanduniform= .7,
0.5230 * normalandgamma= .6, anduniform andgamma= .5

As with thecorrelationparameter, a singlevalueis specifiedon thesameline astheRHOCONTROLLER parameter,
but amatrix (3+ variables)startsonthenext line.

2.5 Multivariate Structur es: Independent,Normal, Bands,or Mixtur e

Whentwo or morevariablesarebeinggenerated,the relationshipbetweenthevariablescanbe specified.If neither
CORRELATION norRHOCONTROLLER isspecified,thenit isassumedthatthevariablesarestochasticallyindependent
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of oneanother(sothetruecorrelationis zero).Youcanaddtheparameter“INDEPENDent” to theinputfile to confirm
that(asa reminderto yourself).

If eitherCORRELATION or RHOCONTROLLER is specified,thenthe defaultis that the variablesarederived
from the multivariatenormalstructure,asdescribedin section7.1. You canaddthe parameter“NORMAL” to the
input file to confirmthat(asa reminderto yourself).

If eitherCORRELATION or RHOCONTROLLER is specifiedandyou aregeneratingexactly two variables,then
youhavetwo additionaloptionsfor thebivariatestructure:“MIXTURE”, asdescribedin section7.2,or “BANDS”, as
describedin section7.3.You mustaddoneof thesetwo parametersto theinput file to requesteitherof theseoptions.

In summary, herearetheoptionsfor controllingthemultivariatestructurewhengeneratingmorethanonevariable.
You shouldspecifyno morethanoneof theseparameters,andyou neednot specifyany if you arehappywith the
default.

INDEPENDent * Default if neitherRHOControllernorCORRELATIONs specified.

NORMAL * Usenormalmultivariatestructure.
* Default if eitherRHOControlleror CORRELATIONs specified.

BANDS * Usebandsmultivariatestructure(NVARIABLES=2 only).

MIXTURE * Usemixturemultivariatestructure(NVARIABLES=2 only).

2.6 Controlling the Format of the RandomNumbers

By default,RandGenwritesrandomnumbersin scientificnotation,separatedby spaces,like this:

1.03567923462157E+00027.99005441505953E+0001

Threeparameterscanbeusedto modify this:

TAB DELIMited Thisparameterindicatesthattherandomnumbersshouldbeseparatedby TABs insteadof spaces,
aspreferredby somestatisticspackages.

COMMA DELIMited Thisparameterindicatesthattherandomnumbersshouldbeseparatedby commasinsteadof
spaces,aspreferredby somestatisticspackages.

FIELD WIDTH Thisparameteris usedto getnumbersin standarddecimalnotationinsteadof scientific.Startingon
thenext line, you specifythe numberof charactersandthenumberof decimalplacesfor eachvariablein the
output.Example:

NVariables2 Normal(0,1)Uniform(0,100)Fieldwidthsfor thevariablesareasfollows:
8 2 * 8 charactersfor variable1, with 2 decimalplaces
9 3 * 9 charactersfor variable2, with 3 decimalplaces

wouldyield outputlike (whereb is blank)

bb103.57bbb79.901

Note that (a) RandGenusesfull precisionin computingsummarystatistics,so thesamplemean,etc,reportedin the
summaryfile maynot exactly matchthosecomputedfrom thevaluesin theDat file; and(b) usingnarrow fieldswith
few decimalplacesreducesthecorrelationsof thedatain theDatfile, possiblyquiteabit. So,allow plentyof precision
in theoutput.

2.7 GeneratingMultiple Output Files

The NFILES parametercontrolsthe numberof outputdatafiles generated,so that you cangeneratemorethanone
sampleof randomnumberswith the samespecificationsin a given run if you so desire. NFILES is 1 by default.
Example:
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SAMPLESIZE100 * Generatesamplesof 100cases.
NVARIABLES 1 * Onevariable
Normal(100,15) * Normalwith 
�������� and ������� .
NFILES10 * Generate10 filesof 100caseseach.

If NFILES is specifiedto bemorethanone,theoutputfiles arenamed00000001.Dat,00000002.Dat,00000003.Dat,
. . .

2.8 Omitting the Summary File

Includethecommand“SKIP SUMmary” to tell RandGento skip computationof thesummaryfile. If you do that, it
will run abit faster.

2.9 Multiple Specificationsin a SingleInput File

RandGenallowsyou to save thespecificationsfor morethanonetypeof randomnumbergenerationin a singleinput
file (to avoid clutteringup your disk with lots of small files). Thefile “Examples.In”is anexample.Note,however,
thatRandGenwill only processonesetof specificationsperrun. If you wantto processmorethanone,you mustuse
a batchfile (thefile “Examples.Bat”is anexample).

Within an input file, eachof the separatesetsof specificationsstartswith an arbitrary label andendswith the
parameter“END”. In principle, the labelcanbeany alphanumericstringyou like, but in practiceit is convenientto
use8 or fewer characterssothatthelabelcanbeusedasthenamefor theoutputfile (seesection2.10).For example,
supposethis is thefile MultSpec.In:

Mu10 * Labelfor first setof specifications.
NVariables2 * Generate2 variables.
Normal(10,1) * Onevariableis normalwith mu= 10 andsigma= 1,
Uniform(0,1) * andtheotheris uniform(0,1).
Samplesize100 * Generate100cases.
End * Endof first setof specifications.

Mu20 * Labelfor secondsetof specifications.
NVariables2 * Sameasthefirst except
Normal(20,1) * mu= 20
Uniform(0,1)
Samplesize100
End * Endof secondsetof specifications.

It is fine to useblanklinesin thefile asspacers,for readability.
To choosewhich set of specificationsyou want, invoke RandGenwith a secondcommand-lineparameterto

indicatethelabelof thespecificationsyouwantto process,asillustratedin thefile “Examples.Bat”.Here,for example,
you couldsay:

RandGen MultSpec Mu10

to processthefirst setof specificationsor

RandGen MultSpec Mu20

to processthesecond.
Alternatively, youmayincludea “GOTO” commandasthefirst line of theinputfile, like this:

GOTO Mu20 * Skip to Mu20

With thisasthefirst line of MultSpec.In,you couldsimply run

RandGen MultSpec

to processMu20.
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2.10 Setting the Output File Name

Output dataare typically written to files called “foo.Dat”, andsummariesof thesedataare written to files called
“foo.Sum”. If RandGenis calledwith oneparameter, thedefaultfor “foo” is thefirst parameter(i.e., thenameof the
inputfile); if RandGenis calledwith two parameter, thedefaultfor “foo” is thesecondparameter(i.e., thenameof the
labelwithin theinputfile–seesection2.9). For example,with thecommand

RandGen Examples

thedefaultfor “foo” is “Examples”,whereaswith thecommand

RandGen Examples Exmpl10

thedefaultfor “foo” is “Exmpl10”.
Thedefaultnameof theoutputfile canbeoverriddenby specifyingtheparameter:

OUTFILE foo2

Now theoutputfileswill becalled“foo2.dat” and“foo2.sum”regardlessof thecommand-lineparameters.
An exceptionarisesif you aregeneratingmorethanoneoutputfile (e.g.,NFILES 100). In this case,theoutput

datafiles arecalled00000001.dat,00000002.dat,00000003.dat,. . . , regardlessof the command-lineparametersor
OUTFILE command.The summariesof all datasetswill be written to a single“foo.sum” file, whosenameis still
determinedby thecommand-lineparametersor OUTFILE command.

2.11 SpecialModesof Operation

RandGenhas four specialmodesof operationwhere it doessomethingother than generaterandomnumbersas
describedabove. Eachoneof thesemodesis invokedby specifyingoneof thefollowingparameters,with theindicated
result:

2.11.1 LIMITCHeck

In thismode,RandGenwill simplycomputethelargestandsmallestcorrelationspossiblewith thespecifiedmarginals.
ThesecorrelationsaresometimescalledtheFrechetbounds,andthey arefoundby letting �������! #"$��%���&� (largest
positivecorrelation)or by letting �'�(���) *",+.-/�'%0��&� (largestnegative correlation).For anexample,seeExamp11
in “Examples.in”.If this optionis specified,theboundsarewritten to the.Sumfile; no .Datfile is written.

2.11.2 COMPUTERHO

Thismodeis usefulwhenyouwantto checkthecorrelationthatwill beobtainedwith acertainvalueof RhoController.
YousimplyspecifyRhoController,andRandGencomputesthecorrelationthatwill result.Forexamples,seeExamp12,
13, and14 in “Examples.in”. If this option is specified,thecomputedvaluesarewritten to the.Sumfile; no .Dat file
is written.

2.11.3 SHUFFLE HiVal

This modeandthenext don’t really belongin this program,but herethey areanyway. This modeproducesrandom
permutationsof the integersfrom 1 to HiVal, which canbe usedfor samplingwithout replacement.To simulatea
randomdeckof 52 cards,for example,youcoulduse

SAMPLESIZE50
SHUFFLE52 * Produce50 randompermutationsof thenumbers1-52.

Eachline of the outputDat file will containthe numbers1-52 in a randomorder, so the 50 lines correspondto 50
randompermutationsof thedeck.For otherexamples,seeExamp15andExamp16in “Examples.in”.If this optionis
specified,thepermutationsarewritten to the.Datfile, but no .Sumfile is produced.
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2.11.4 SUBSHUFFLE HiVal WantVal

Thismodealsoproducesrandompermutationsof theintegersfrom 1 to HiVal, but it only writesout thefirst WantVal
elementsof eachpermutation.It canbe usedfor samplingwithout replacementwhereyou don’t careto look at the
full permutation.For example,

Samplesize50
SUBSHUFFLE52 5 * Produce50 randompermutationsof thenumbers1-52,

* writing out only thefirst 5 numbersin eachpermutation.

For otherexamples,seeExamp17andExamp18in “Examples.in”. If this option is specified,the permutationsare
written to the.Datfile, but no .Sumfile is produced.

2.12 Controlling the Accuracy of Computations

RandGenhasseveralparametersthatcanbeusedto controlnumericalcomputations.

APPROXimation NSteps Thisparameteris only relevantwhenRandGenhasto searchfor RhoControllervaluesthat
yield thedesiredcorrelations.Theparametercontrolsthenumberof stepsthatRandGenusesin approximating
eachdistribution during the search. For example, the default for NStepsis 200, which meansthat during
searchingeachdistributionis temporarilymodeledas200equally-likelyvaluesat thepointswith CDFvaluesof
.0025,.0075,.0125,.0175,. . . , .9975.Highernumbersof stepsyield betterapproximationsbut slowersearches.
Example:

Approx300 * Searchmoreslowly to getmoreaccurateapproximation.

SEARCHERROR max-allowable-error Thisparameterisalsoonly relevantwhenRandGenhastosearchfor RhoController
valuesthatyield thedesiredcorrelations.Theparametercontrolsthemaximumerror thatRandGenwill accept
betweenthe desiredcorrelationandthat producedby a given valueof RhoController. The default is 0.001,
which meansthatRandGenwill keepadjustingRhoControlleruntil it findsa valuethatwill yield a correlation
within 0.001of thedesiredvalue.

SearchError0.01 * Searchuntil producedesiredcorrelation1325476
CHISQuare NBins In thesummaryoutputfile, RandGencomputesa Chi-squaregoodnessof fit statisticto evaluate

thedistribution of thegeneratedrandomnumbersagainstthespecifiedpopulationmarginal. By default,it uses
1.. .10,20,50,100,200,500,or 1000bins,dependingonthesamplesize.Thisparameterallowsyouto specify
any desirednumberof binsyou choose,overridingthedefault.Example:

CHISQuarebins15 * Computethechi-square(s)using15 bins

INTEGRALPRECISion new-precision-value Thisparametercontrolstherequiredaccuracy of numericalintegrations.
It will only berelevantwhenthesearebeingcomputed,andyouhave norealway to determinewhetherthey are
exceptby trial anderror. Thedefaultvalueis 0.0000001;larger valueswill give fasterrunsbut lessaccuracy.
Example:

INTEGRALPRECISion0.001 * Very lenientcriterionfor numericalintegrals.

INVERSEPRECISIONX new-precision-value Thisparametercontrolstherequiredaccuracy of computinginverse
CDFsby searching:how closeto thedesiredX valuedoestheprogramhave to getbeforeit startssearching?It
will only berelevantwheninverseCDFsarebeingcomputed,andyou have no realway to determinewhether
they areexceptby trial anderror. The defaultvalueis 0.0000001;larger valueswill give fasterrunsbut less
accuracy. Thereis ananalogousparametercalledInversePrecisionP, which controlshow closetheprogramhas
to get to thedesiredPvalue.Examples:

INVERSEPRECISIONX0.001 * Computeinversesto within anX valueof .001(lenient).
INVERSEPRECISIONP0.001 * Computeinversesto within a Pvalueof .001(lenient).

Importantnote: If you wantto alter IntegralPrecisionor InversePrecision,it is bestto do sobefore thevariables
arespecifiedwith theNVARIABLES command.
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2.13 RandomNumber Seeding

By default,RandGenstartsits randomnumbergeneratorwith a randomlygeneratedseedeachtime it is run. There
arethreecommand-typeparametersthatyou canuseto modify this behavior.

SEED SAVE START filename This tells RandGento write the initial seed-stateof its randomnumbergenerator
(aftertherandomstart)to afile calledfilename.

SEED SAVE END filename This tells RandGento write the final seed-stateof its randomnumbergenerator(after
generatingall therandomnumbers)to a file calledfilename.

SEED START filename This tells RandGento readthe initial valuesof its randomnumbergeneratorfrom a file
calledfilename.Thisfile shouldhavebeenwrittenwith oneof thetwo “SEEDSAVE” commandsjustdescribed.

Examples:

* In this example,successive runswill give identicalrandomnumbers:
* Seedfileshouldalreadyhave beenwrittenby usingaSEEDSAVE
* commandin a previousrun of RandGen.
SEEDSTART seedfile

* In this example,successive runswill “continueon” therandomnumber
* generator, guaranteeingno repetitionof therandomnumbergenerator
* until it reachestheendof its period.SEEDSTART seedfile
SEEDSAVE END seedfile

2.14 Input File Comments

By default, RandGentreatsanything following an asterisk(*) as a comment–i.e.,RandGenignoresit. You can,
however, changethecommentmarkerif you want.Example:

Comment!! * Startingwith theNEXT LINE, commentsaresetoff by !!.
NVariables2 !! Two variables.
Normal(0,1) !! Standardnormal,and
Uniform(0,1) !! ... uniform

3 Starting RandGen

Thecommandto runRandGenis simply“RandGenRootFileName”,whereRootFileNamecanbeuptoeightcharacters
long. Theparametersneededfor programoperationarespecifiedin afile “RootFileName.In”,whichmustbeprepared
in advancewith an ASCII text editor. The randomnumbersare written to a file called “RootFileName.Dat”,and
summaryoutputis written to a file called“RootFileName.Sum”.

RandGenis sometimesprettyslow. You shouldbeableto abortit with control-break,if you getimpatient.

4 Program Output

RandGenwritestwooutputfiles,called“foo.Sum”and“foo.Dat”, where“foo” isdeterminedasdescribedin section2.10.
The “foo.Dat” file simply containsthecolumnsof generatedrandomnumbers.Eachline correspondsto a different
randomsample,and the different numberson a single line are the different variables. “Foo.Sum” containsother
informationabouttherun thatmaybeuseful.Hereis anexample:

Summary of random numbers in file examp05.Dat; SampleSize = 1000

X[1]: Uniform(0,1)
True distribution: Mu = 0.5000; Sigma = 0.2887
This random sample: Mean = 0.5230; SD = 0.2869
Goodness of fit ChiSqr(20) = 16.520, p = 0.684
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X[2]: Normal(0,1)
True distribution: Mu = 0.0000; Sigma = 1.0000
This random sample: Mean = 0.0699; SD = 1.0108
Goodness of fit ChiSqr(20) = 28.840, p = 0.091

X[3]: Gamma(4,0.01)
True distribution: Mu = 400.0000; Sigma = 200.0000
This random sample: Mean = 400.1263; SD = 202.5984
Goodness of fit ChiSqr(20) = 19.480, p = 0.491

Multivariate structure: Normal

Desired correlation matrix =
0.7000 0.4000

0.2000

RhoController matrix =
0.7153 0.4197

0.2053

Observed correlation matrix =
0.7355 0.4665

0.2488

For eachvariablegenerated,the truemean(mu) andstandarddeviation (sigma)arecomputedandprintedout, as
arethe observedmeanandSD for the randomsamplethatwasgenerated.In addition,a goodness-of-fitChi-square
testis computed,andits valueprintedout. The 8 valuesassociatedwith thesechi-squaretestsshouldrarelybe less
than0.05(aboutoncein 20 runs); if they aresmallmoreoften thanthat, thereis somethingwrongwith the random
numbergeneratorfor thatdistribution.

After all of the individual variableshave beenanalyzed,someinformation is provided about the multivariate
distribution. Usually, thedesiredcorrelationmatrix wasspecifiedin theinput file, andtheRhoControllermatrix was
computedby thesearchprocess.Theobserved correlationmatrix is computedfrom the datain the randomsample
(standardPearson9 ’s).

5 Available Mar ginal Distrib utions

5.1 Continuous Distrib utions

Herearetheprimitivecontinuousdistributionsthathave beenat leastpartially implementedsofar:

Beta(:3;=< ) TheBetadistributionis definedover theinterval from zeroto one,andits shapeis determinedby its two
parameters: and < . Its PDFis>�?A@0BDC EFD? :3;=< B @�GIH�J�? ELK @0BNMOH'J ;QP!R @ R E
Themeanis :TS ? :/UV< B , andthevarianceis :T< ? :WUV< B HYX ? :/UV<ZU E B H�J .

Cauchy( [*;]\ ) This distribution is definedin termsof locationandscaleparameters[ and \_^QP , respectively. Its
PDFis >�?A@0BLC E` \Va E Ucb�d Hfegih Xkj

ChiSquare(df) This is ageneralizationof thedistributionof thesumof l > independentsquaredstandardnormals.Its
parameteris l > — a positiverealnumber.
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Chi(df) This is thedistribution of thepositive squareroot of a ChiSquarerandomvariable. Its parameteris mNn — a
positiverealnumber.

Cosine For oqpZr	pWsutwv , n'xyrfzO{Z|k}�~�xyrfz and �)xyrfzI{�~����'xAr0z .
ExGaussian(�D�]���]� ) This is the distribution of the sumof independentNormal andExponentialrandomvariables.

Its parametersarethe � and � of theNormal,andtherate � of theExponential.

ExGaussRat(�D�=���=� ) Thisis justareparametrizationof theExGaussian.Its parametersarethe � and � of theNormal,
andtheratio, � , of themeanof theexponentialto thesigmaof thenormal.

Exponential( � ) Thisdistributionis well-known. By default,theparameteris therate � ; themeanis ��t�� .
ExpSum(�(�w�=��v ) This is thesum(convolution) of two exponentialswith different rates.Thetwo parametersarethe

two rates,which mustbedifferentenoughto avoid numericalerrors.For theconvolution of exponentialswith
thesamerates,of course,youshouldusetheGamma.

ExpSumT( �(�w�=��v ,Cutoff) This is thesum(convolution) of two exponentialswith different ratestruncatedat a given
cutoff value. The first two parametersare the two rates,which mustbe differentenoughto avoid numerical
errors;thethird parameteris theuppertruncationpoint. For theconvolutionof exponentialswith thesamerates,
of course,youshouldusetheGamma.

ExpoNo(�D�=� ) I just inventedthis asan ad-hocsolutionfor a problemI wasworking on onetime, so I don’t know
whetherit will ever be usefulagain. And I certainlydon’t know whetherI gave it a reasonablename. In any
case,it is a transformationof a normalrandomvariable� . Specifically, it is thedistributionof� { ����D� � �
where� hasanormaldistributionwith mean� andstandarddeviation � . Thetwoparametersof thisdistribution
arethe � and � of theunderlyingnormal � .

Extr emeVal( ����� ) Extreme-valueTypeI distribution(a.k.a.Fisher-Tippettdistribution,Gumbeldistribution,sometimes
alsocalledthedoubleexponentialdistribution, to beconfusedwith theLaplacedistribution), with parameters�
and ���Zo . TheCDF is ��xAr0z�{��k�(�� ¢¡ �¤£'¥§¦w£�¨ª©¢«�¬7­

ExWald( �D�=���=®f�=� ) This is the distribution of the sum of two independentrandomvariables: one from a three-
parameterWalddistributionwith parameters( �D�]���=® ); andonefrom anexponentialdistributionwith rate � .

F(dfNumer,dfDenom) This is Fisher’s distributionof theratio of two independentnormedChi-squaredistributions,
ascommonlyusedin linearmodels(e.g.,analysisof variance).Thetwo integerparametersarethedegreesof
freedomof thenumeratoranddenominator, respectively.

Gamma(̄��=� ) This is thedistributionof thesumof ¯ exponentials,eachwith rate � . In thisdistribution, ¯ mustbe
a positiveinteger. In theRNGammadistribution(seebelow), ¯ is any positivereal.

Geary(SampleSize)The Gearystatisticarisesin testingto seewhethera setof observationscomefrom a normal
distribution(D’Agostino,1970).

HypTan(Scale) This is theHyperbolicTangentdistribution,whosePDFandCDFare1n�xAr0z°{ ±³² �´ � ¬�¦ � � £0¬�¦�µA¶�)xyrfz·{ � ¬�¦ ¡ � £f¬�¦� ¬�¦ � � £f¬�¦
where� is thescaleparameter. Thisdistributionarisesasa modelof psychometricfunctions(e.g.,Strasburger,
2001).

1I thankRolf Ulrich for supplyingthese.
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InverseGaussian SeetheWalddistribution.

Laplace(̧*¹=º ) Also known as the doubleexponential. In termsof location andscaleparameters,̧ and º¼»¾½ ,
respectively, thePDFis ¿�ÀAÁ0ÂDÃ ÄÅ ºuÆ�Ç�È ÉwÇ0Ê�È Ë=Ì

Logistic( ÍD¹�Î ) Thisdistribution is definedin termsof a locationparameterÍ andascaleparameterÎ . Thecumulative
form of thedistributionis Ï ÀyÁfÂIÃ ÄÄDÐ Æ�Ñ(Ò ÓkÑ�Ô�ÕÖ

LogNormal( ÍD¹=× ) This is thedistributionof Ø suchthat Ù�Ú À Ø Â is normallydistributed.Theparametersarethe Í and× of thenormal.

Naka-Rushton(Scale)This is thedistributionof ØÜÛ�½ suchthat¿�ÀAÁ0Â°Ã ÅuÝ Á ÝkÞIßÀ ÄDÐ À ÞàÝ ÁfÂ ß Â ßÏ ÀyÁfÂ·Ã À Þ�Ý Á0Â ßÄDÐ À Þ�Ý Á0Â ß
where

Þ
is thescaleparameter.2 In theactualdistribution, momentsabove thefirst do notexist; they do exist in

RandGen’s truncatedversionof thedistribution,however.

NoncentralF(dfNumer,dfDenom,Noncentrality) This is thedistributionof theratio of independentnoncentraland
centralchi-squares,with the formerin thenumerator. It is mostoftenusedin thecomputationof power of theÏ

test.Thenoncentralityparameteris definedin termsof thedfNumernormalrandomvariableswhosesumof
squaresis yieldsthechi-squarein thenumerator. Specifically,á Ã dfNumerâ ã�ä�å æ ßã
where

æ ã
is theexpectedvalueof the ç th randomvariablecontributingto thissumof squares.

Normal( ÍD¹=× ) I’ll betyou know thisonealready. Parametersare Í and × , not × ß .
Pareto1(K,A) This is aParetodistributionof thefirst kind, asdefinedby Johnson,Kotz,andBalakrishnan(1994,vol

1, p 574),with PDFandCDF ¿'ÀyÁfÂèÃ é Ýkê�ëìÝ Á Ç'í ë'î
å�ï

Ï ÀAÁ0Â·Ã ÄLð,ñ ê é�ò ë
where

ê »Z½ , é »Z½ , and

Á » ê .

Quantal(Thr eshold) Thisdistributionis relatedto thePoisson.This is thedistributionof ØóÛZ½ suchthatÏ ÀyÁfÂIÃ ÄLð�ô Ç
åâ õAä�ö Á õ÷�ø Æ Ç0É

This distribution arisesasa modelof psychometricfunctionsin visual psychophysics(e.g.,Gescheider, 1997,
p. 85). The thresholdparameter, ù , representsanobserver’s fixed thresholdfor thenumberof quantaof light
that must be detectedbeforesaying“Yes, I saw the stimulus.” Quantaare assumedto be emittedfrom the
stimulusaccordingto a Poissondistributionwith parameter

Á
. Then,

Ï ÀyÁfÂ
is thepsychometricfunctionfor the

probabilityof saying“Yes”asafunctionof themeannumberof quanta,

Á
, emittedby thestimulus.Notethatit

makesno realsenseto think of

Á
asa randomvariablein thisexample,but theprobabilitydistribution provides

a usefulmodelanyway.

2I thankRolf Ulrich for supplyingthePDF.
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Quick(Scale,Shape)This is thedistributionof úóûZü with PDFandCDF3

ý�þAÿ���� ��� þ��	
����
����������
���
���� þ � �ÿ� þyÿ
� � !#" ��� þ �	�� �
where$ is thescaleparameterand

�
is theshapeparameter. Thisdistributionarisesasamodelof psychometric

functions(e.g.,Quick,1974;Strasburger, 2001).

Rayleigh(% ) If &(' and &�) are independentnormal randomvariableswith mean0 and standarddeviation % , thenú �+* & )'-, & )) hasa Rayleighdistributionwith scaleparameter% . ThePDFisý�þAÿ��.�0/ � �21�3�4 )65 1�7 ÿ% )
RNGamma(8:9<;>= ) See“Gamma”. In this version,theshapeparameter8:9 is a realnumberratherthananinteger.

rPearson(SampleSize)Thisis thesamplingdistributionof Pearson’s ? (correlationcoefficient)underthenull hypothesis
thatthetruecorrelationis zero(andassumingtheusualbivariatenormality). Theparameteris SampleSize, the
numberof pairsof observationsacrosswhich thecorrelationis computed.

t(df) Student’s @ -distribution, with parameterA ý .

Triangular( BC;�D ) In this distribution thedensityfunctionhastheshapeof anequilateraltriangleacrosssomerange.
Theparametersarethebottom( B ) andthetop of therange( D ). ThePDFis then:ý'þyÿ
�E�GF þAÿH" B �JILK:M if B+N ÿ NPORQTS)þ D "/ÿ
�#I<K:M if ORQTS) N ÿ NUD
where
K:M

is theheightof thePDFat its peak,adjustedto sothatthetotalareaof thetriangleis 1.0.

TriangularG( BC;>VW;�D ) In this (more generaltriangular)distribution, the density function has the shapeof a not-
necessarily-equilateraltriangleacrosssomerange.Theparametersarethebottomof therange( B ), thepoint at
which thetrianglereachesits maximum( V ), andthetop of therange( D ). ThePDFis then:ý�þAÿ��.�PX 4Y� � O 76Z�[R\] � O if B+N ÿ N^V4 S � �276Z�[ \S � ] if V_N ÿ N`D
where
K:M

is theheightof thePDFat its peak,adjustedto sothatthetotalareaof thetriangleis 1.0.

Uniform( Ba;6D ) This is thedistribution in which all valuesareequallylikely within somerange.Theparametersare
thebottomandthetop of therange,B and D .

UniGap( D ) This is an equal-probabilitymixture of two uniform distributions,oneextendingfrom
" D to 0 andthe

otherextendingfrom D to � 
 D . It is “model 4” of Sternberg andKnoll (1973). The medianis somewhat
arbitrarilydefinedas DWb � .

Wald( c.;d= ) This distribution arisesin problemsinvolving thefirst passagetime with Brownianmotionandpositive
linear drift. As definedby Johnson,Kotz, andBalakrishnan(1994, Volume 1), the standardtwo-parameter
inverseGaussianhasthePDF: ý'þyÿ
�E�fe =�hg ÿTikj ' 3 )�l�mkn F " =� c ) ÿ þyÿ�" c � )po
wherecrq�ü , =<qZü , and

ÿ û�ü . c is themeanand c i bs= is thevariance.

3I thankRolf Ulrich for supplyingthese.
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Wald3(t.u>v�udw ) This is a three-parameterversionof the Wald distribution. Specifically, assumea one-dimensional
Wienerdiffusionprocessstartingat position0 at time 0 anddrifting with averagerate t andvariancev�x , and
considery to bethefirst passagetime throughposition w . ThePDFof y isz|{~}��.� wv�� �h� }T�-�>���k����� { w � t }�� x�sv x } �
whereall threeparametersand

}
mustbepositive.

Weibull(Scale,Power,Origin) As definedby Johnson& Kotz (1970,p. 250): “X hasa Weibull distribution if there
arevaluesof theparameters� {��^�h� , � {����s� , and �h� suchthat� �f� { y � � � �� ���
hastheexponentialdistributionwith rate= 1”. Here,theparameters� , � , and �s� arereferredto asthe“scale,”
“power,” and“origin” parameters,respectively.

TheCDFof theWeibull is therefore � {�}
���+� �����k� { ��� {�} � �h� ��  ��¡~¢ �
Computationsareincreasinglyinaccuratefor powerslessthanabout0.9,however.

5.2 DiscreteDistrib utions

Herearetheprimitivediscretedistributionsthathave beenat leastpartially implementedsofar:

Binomial( £<u�¤ ) Thedistribution of the numberof successesin £ Bernoulli trials, with probability ¤ of successon
eachtrial.

Constant(C) Thisis adegeneratedistributionthatalwaystakesonthesamevalue.Its parameteris thatvalue.Perhaps
surprisingly, it canbeconvenientto havethisdistributionavailable.Warning: For technicalreasons,theconstant
distributiondoesnotwork well in many of thederiveddistributionsdiscussedin thenext section.Thus,it should
beavoidedwhenever possible.For example,you shouldalwaysuse:

LinearTrans(Gamma(2,.01),1,100)

ratherthantheequivalent

Convolution(Gamma(2,.01),Constant(100))

Geometric(¥ ) Thedistribution of the trial numberof the first successin a sequenceof Bernoulli trials, where ¥ is
theprobabilityof successon eachtry.

List(filename) This randomvariableallows you to defineany discretesetof X values,eachwith its own arbitrary
probability. Thecommand

List(FileName)

tells RandGento readthedistribution from the indicatedfile. Thefirst line in thefile containsthe numberof
X valuesin thedistribution. After that, thereshouldbeoneline for eachX value,with thefirst numberon the
line beingthe X valueitself andthe secondnumberbeingtheprobability of thatX value. Thesevaluesneed
not be sorted,andin fact thesameX valuecanappearon several differentlines, in which casetheassociated
probabilitieswill be summed. (If X’s do appearon more thanone line, then the first line in the file should
actuallycontainthenumberof X-containinglinesratherthanthenumberof distinctX’s.)



5 AVAILABLE MARGINAL DISTRIBUTIONS 15

Poisson(¦ ) § hasa Poissondistributionwith parameter¦ if¨�©�ª §¬«®­�¯.«±°³²µ´ ¦·¶­(¸º¹ ­C«0» ¹�¼h¹>½�¹�¾¿¾�¾�¹ ¦0ÀU»
Themeanandvariancebothequal ¦ .

UniformInt(Low ,High) This is thedistributionof equallylikely integervaluesbetweenthe two integerparameters,
Low andHigh, inclusive.

5.3 Transformation Distrib utions

RandGencanform a new randomvariable( Á ) by takinga mathematicaltransformationof anexisting one( § ). The
following tablelists thetransformationsrecognizedby RandGen,illustratingthesyntaxfor each.Also listedarethe
constraintson thevaluesof § .

Transformation Exampleof Syntax ConstraintsonValuesof §
ArcSin

ª ÁÂ«+Ã ª�Ä�ª §CÅ ½ ¯�¯6¯ ArcSinT(Uniform(.5,1))
Exponential

ª ÁÂ« °�Æ ¯ ExpTrans(Uniform(.5,1)) § not too far from 0.
Inverse

ª ÁÂ« ¼ Å�§�¯ InverseTrans(Uniform(.5,1)) § not toocloseto 0.
Linear

ª ÁÂ«`ÇÂÈÉ§ËÊ`Ì�¯ LinearTrans(Uniform(.5,1),2,10)
NaturalLog

ª ÁÂ«^ÍÏÎ�Ð §ÉÑÒ¯ LnTrans(Uniform(0.5,1)) §ÓÀ^»
Power

ª ÁÂ«Ô§HÕ�¯ PowerTrans(Uniform(.5,1),2) §ÓÀ^»
where
Ä�ª~Ö ¯ is theprobabilitythata standardnormalrandomvariableis lessthan

Ö
.

5.4 Derived Distrib utions

RandGenalsoknows aboutvarioussortsof distributionsthat canbe derived from oneor moreprimitive or “basis”
distributions. In mostcases,RandGencancomputemoments,PDF’s, CDF’s, randomnumbers,etc, for the derived
distributionjustasit canfor theprimitivedistributionsdefinedabove.

Convolution(RV1,RV2) Thisis thedistributionof asumof independentrandomvariables,RV1 andRV2, whereRV1
andRV2 areeachlegaldistributionsin their own right. For example,

Convolution(Normal(0,1),Uniform(0,1))

specifiestheconvolutionof thesenormalanduniform distributions,and

Convolution(Normal(0,1),Uniform(0,1),Gamma(3,0.01))

specifiestheconvolutionof thethreeindicateddistributions.

In general,to definea convolution, theusertypessomethingof theform:

Convolution(BasisDist1(Parms),...,BasisDistK(Parms))

whereParms standsfor theparametersassociatedwith eachof thedistributions.Thereare × randomvariables
summedtogether, andthedistributionsof thesesummedvariablesaresimply listed,separatedby commas.

RandGenis not very smartaboutconvolutions. At this point, it only knows how to computemeans,variances,
andrandomnumbersin anintelligentway. Everythingelseis computedusing(recursive)numericalintegration,
which tendsto be pretty slow. Also, RandGendoesnot “realize” that someconvolutions result in a new
distribution aboutwhich it alreadyknows (e.g.,convolution of two normalsis normal). Thus,computations
involvingtheseconvolutionsproceedvianumericalintegrationeventhoughdirectcomputationwouldbepossible.

Thecurrentversioncanhandleconvolutionswhereall distributionsarediscrete,all arecontinuous,or someare
is discreteandsomecontinuous,but it cannothandleconvolutionsin which oneor moredistributionsaremixed
(i.e.,partlydiscreteandpartlycontinuous).

I wouldbeveryhappyfor suggestionsonhow to augmentRandGen’shandlingof convolutions,especiallythose
accompaniedby Pascalcode.
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ConvolutionIID(N,R V) This is just an easierway to specifya convolution whenall N summedrandomvariables
have thesamedistribution, RV.

ConvolutionIID(3,Uniform(0,1))

is thesameas

Convolution(Uniform(0,1),Uniform(0,1),Uniform(0,1))

Differ ence(RV1,RV2) This is the distribution of the differenceof two independentrandomvariables,RV1 minus
RV2, whereRV1 andRV2 areeachlegaldistributionsin their own right. For example,

Difference(Uniform(0,1),Uniform(0,1))

specifiesa differencebetweentwo standarduniform distributions,which rangesfrom -1 to 1 (not uniformly).
RandGenhandlesdifferencedistributionsdumbly, like convolutions.Thecurrentversioncanhandledifferences
wherebothdistributionsarediscrete,botharecontinuous,or oneis discreteandonecontinuous,but it cannot
handledifferencesin which oneor bothdistributionsaremixed(i.e.,partlydiscreteandpartlycontinuous).

Mixtur e(p1,RV1,p2,RV2,.. . ,pk,RVk) Mixturesaredistributionsformedby randomlyselectingoneof a numberof
randomvariables.For example,Mixture(0.5,Normal(0,1),0.5,Uniform(0,1))definesarandom
variablethatcomesfrom a standardnormalhalf the time anda standarduniform theotherhalf of thetime. In
general,theformatof thisdistributionis:

Mixture(Ø�Ù ,BasisDist1(Parms), Ø�Ú ,BasisDist1(Parms),..., Ø�Û ,BasisDistK(Parms))
andthe Ø�Ü ’smustsumto one(it is alsolegal to omit Ø Û ).

InfMix(R V1,MixParm,RV2(Parms)) The InfMix distribution is an infinite mixture, formedwhena parameterof
onedistributionis itself randomlydistributedaccordingto anotherdistribution. For example,

InfMix(Normal(0,5),1,Uniform(10,20))

definesa randomvariablethatcomesfrom a normaldistributionwith standarddeviation 5. Thefirst parameter
of thatdistribution (assignifiedby the “1” betweenthetwo distributionnames)followsa uniform distribution
from 10 to 20. As anotherexample,InfMix(Normal(0,5),2,Uniform(10,20)) definesa random
variablethatcomesfrom a normaldistributionwith meanzeroandstandarddeviation varyinguniformly from
10 to 20. In general,theformatof thisdistributionis:

InfMix(ParentDist(Parms),MixParm,ParmDist(Parms))

whereParentDistis a distribution,MixParmis anintegerindicatingwhetherthefirst, second,. . . , parameterof
theParentDistvariesrandomly, andParmDistis thedistribution of thatparameter.

InfMix maybeusedrecursively. For example,

InfMix(InfMix(Normal(0,5),1,Uniform(0,2)),2,Uniform(4,6))

definesa normaldistribution in which themeanis uniform(0,2)andthestandarddeviation is uniform(4,6).

Limitations: (1) At present,computationsof theupperandlower boundsof InfMix distributionsassumethat
thelargestandsmallestvaluesof the randomvariableareobtainedwhentheunderlyingParmDistis at its two
extremes. (2) Extremecautionis neededwith thesedistributionsbecauseproblemsoften arisein numerical
integration. I have found it helpful to increasethe IntegralMinStepsto 10, which wasenoughin mostof the
casesI’ ve lookedat,but youmayneedto adjustthisup (for precision)or down (for speed)in yourcases.
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Truncated(RV,Min,Max) A truncateddistributionis a conditionaldistribution,conditioningon therandomvariable
RV falling within theinterval from Min to Max. For example,Truncated(Normal(0,1),-1,1) definesa
randomvariablethatis alwaysbetween-1 and1, andwhichwithin thatintervalhasrelativeprobabilitiesdefined
by thePDFof thestandardnormal.In general,theformatof this distribution is:

Truncated(BasisDistribution(Parms),Min,Max)

It is sometimesconvenient to specify the truncationboundariesin terms the probabilitiesyou want to cut
off ratherthan the scoresthemselves. For example,you might want to look at the middle 90% of a normal
distributionbut mightnot immediatelyknow which scorescutoff thetopandbottom5%. For this reason,there
is a variantof thecommandthattakesprobabilitiesinsteadof valuesfor min andmax,like this:

TruncatedP(BasisDistribution(Parms),0.05,0.95)

With TruncatedP, RandGenwill useits InverseCDFfunctionto find thescorevaluesthatcorrespondto the
cumulativeprobabilitiesthatyouspecify, andthentruncateat thosescorevalues.

Bounded(RV,Min,Max) I do not knowif this is a standard typeof distribution or not, and would appreciateany
commentson it from thosein the know. A boundeddistribution is similar to a truncateddistribution in that
the randomvariablemustfall within the rangeof Min to Max. The differenceis thatall valueslessthanMin
areconvertedto Min, andall valueslessthanMax areconvertedto Max. Thus,therearediscretemassesof
probabilityat Min andMax, andtheprobabilitydensityfunctionbetweenMin andMax is notconditionalized.

For example,considerthedistributionBounded(Normal(0,1),-1,1). This is really a mixtureof these
threedistributions:

Distribution Mixture Probability
Constant(-1) 0.1587
Truncated(Normal(0,1),-1,1) 0.6826
Constant(1) 0.1587

Note that 0.1587is the probability that a normal(0,1)scoreis lessthan-1, andalso the probability that it is
greaterthan1. Boundingthedistribution thusmeanstakingall of theprobabilitydensityhigherthantheupper
valueandmassingit at thatvalue.

As with thetruncateddistribution,thereis a form of theBoundeddistributionbasedon probabilities,asin:

BoundedP(Normal(0,1),0.1,0.9)

.

Order( Ý ,RV1,RV2,RV2,.. . ,RVn) Thedistributionof thisorderstatisticis thedistributionof the Ý ’ th largestobservation
in a sampleof Þ independentobservationsfrom the Þ indicatedrandomvariables.For example,

Order(2,Normal(0,1),Uniform(0,1),Exponential(1))

definesa randomvariablethat is themedian(2nd largest)in a samplecontainingonescorefrom thestandard
normal,onefrom theuniform from 0–1,andonefrom theexponentialwith rate1. In general,theformatof this
distributionis:

Order( Ý ,BasisDist1(Parms),...,BasisDistN(Parms))
In the specialcasewherethe basisdistributions are all identical, it is more convenientto usethe OrderIID
distribution, describednext.

OrderIID( Ý�ß>Þ ,RV) This is thespecialcaseof theorderdistribution in which thebasisdistributionsareidenticalas
well asindependent.In general,theformatof thisdistributionis:
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OrderIID( à , á ,BasisDist(Parms))
It is only necessaryto specifythe basisdistribution once,sinceall areidentical; instead,you have to specify
how many thereare( á ).

OrdExp( â6ã>ä�ãdå ) This is thespecialcaseof OrderIID in which thebasisdistributionis anexponentialwith rate å , and
you wantthe â ’ th orderstatisticin a sampleof ä ( æ�ç®âEç®ä ). For this casetherearenicefastclosedformsfor
themeanandvariancethatweregivento meby Rolf Ulrich, Dept.of Psychology, Univ. of Wuppertal,Germany.

OrdBinary(i,n1,RV1,n2,RV2) This is anorderdistributionwith two typesof underlyingRVs. For example,

OrdBinary(2,5,Normal(0,1),7,Uniform(0,1))

specifiesthe distribution of the secondorderstatisticin samplesof 12 madeup of five standardnormalsand
sevenstandarduniforms.

MinBound(RV1,RV2) Considertwo arbitraryrandomvariablesè and é , which may or may not be independent,
andlet êÔë^ìÉí�î�ïðè�ã�éòñ . TheCDFsof thesethreerandomvariablesmustobey theinequalityó(ô ïÏõdñöç ó|÷ ïÏõdñ|ø ó|ù ïÏõdñ for all õ
because ó ô ïúõdñ.û ó ÷ ïúõdñ(ø ó ù ïúõdñ|üþý ÿ¿ïðè ç õ � éPç�õdñ
Thus,for any two basisRVs è and é , we canconstructtherandomvariable ê which is a lower boundon the
distributionof ì-íÏî�ïðè�ã�éòñ : ó|ô ïúõdñ.û � ó|÷ ïÏõdñ|ø ó|ù ïÏõdñ if

ó|÷ ïúõdñ�ø ó|ù ïÏõdñ��_ææ if
ó|÷ ïúõdñ�ø ó|ù ïÏõdñ��_æ

MinBoundimplementsthis lowerbounddistribution for any two arbitraryrandomvariablesè and é .

Becausedistributionsareconstructedrecursively, it is legal within RandGento constructweird distributionsby
any combinationof theabove. For example,thiswouldbelegal:

Truncated(Mixture(.5,Normal(0,1),.5,OrderIID(4,5,Normal(0,1))),-1,1)

andit indicatesa truncatedmixtureof a normaldistribution andanorderstatistic.
It doesnotappearto methattherewill everbeany ambiguityaboutwhatdistributionis requestedwithin thesyntax

of RandGen,but let meknow if you find sucha case!

5.5 Bin-BasedDistrib utions

RandGenhasseveral bin-baseddistributionsthat canbeusedto constructarbitrarydistributionsandmodelany data
patternyou like (e.g.,onesestimatedby tabulating lots of data). Eachdistribution is madeup of NBins adjacent,
non-overlapping,equal-widthbins,with anarbitaryprobabilityof occurrencewithin its bin. Thedifferentbin-based
distributionsdiffer in their assumptionsaboutthedetailsof thedistributionwithin eachbin, asdescribedbelow.

Histogram Thehistogramis a continuousdistribution with a flat PDFwithin eachbin.

Polygon Thepolygonis a continuousdistribution with a linearbut not necessarilyflat PDF within eachbin. More
specifically, thePDF of thepolygondistribution is definedby a seriesof NBins+1points; thefirst point gives
theheightof thePDFat thelowerboundof thedistribution,andtheremainingNBins pointsgive theheightsof
thePDFat the top of eachbin (thetop of thetop bin showing thePDFat theupperboundof thedistribution).
Within eachbin, thePDFis a straightline goingfrom theheightat thebottomof thebin to theheightat thetop
of thebin.
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FreqPolygon Thefrequency polygonis alsoacontinuousdistributionwith alinearbutnotnecessarilyflat PDFwithin
eachbin. Unlike thepolygon,though,it keys on thePDFin themiddleof eachbin ratherthantheupperedge.
More specifically, thePDFof this distribution is definedby a seriesof NBins+2points;thefirst point givesthe
heightof thePDFat thelowerboundof thedistribution,thelastpoint givestheheightof thePDFat theupper
boundof thedistribution,andtheremainingNBins pointsgive theheightsof thePDFat thecenterof eachbin.
Within eachbin, thePDFis formedby straightlinesgoing from theheightat thebin’scenterto theheightsat
thecentersof theadjacentbins.

BinCen The“BinCenters”randomvariableis a discretedistribution with all of theprobabilitymassassociatedwith
eachbin assignedto themidpointof thebin.

ThecommandsHistogram(FileName),FreqPolygon(FileName),Polygon(FileName), andBinCen(FileName)
tell RandGento readthedescriptionof theindicateddistributionfrom theindicatedfile. Thefirst line in thefile must
containthreenumbers:

1. Theminimumvaluein thedistribution (i.e., theloweredgeof thelowestbin).

2. Themaximumvaluein thedistribution(i.e., theupperedgeof thehighestbin).

3. Thenumberof bins,NBins.

For example,this line mightbe

-10 100 200

to indicatea distribution rangingfrom -10 to 100, with 200 bins. (Note that in this exampleeachbin would be���
	�	
��������	���������	�	���	�� ���
units wide.) Following thefirst line, thereshouldbe NBins+1additionallineswith one

numberper line. Thefirst line is special: It shouldbe zerofor theHistogramandBinCendistributions,but for the
Polygondistribution it shouldbetheheightof thePDFat thelower boundof thedistribution(which maybezerobut
neednot be). Theremainingnumberscorrespondto theprobabilitiesfor thesuccessive NBins bins,from smallestto
largest.Notethatthesenumbersneednotactuallyequalthebinprobabilities;it is sufficientfor themtobeproportional
to thebin probabilities.RandGenautomaticallyrescalesthemsothat thetotal probabilitysumsto one,soyou could
input frequency countsor PDFheightsinsteadof actualbin probabilities.

5.6 Approximation Distrib utions

Theabove bin-baseddistributionscanalsobeusedas“approximationdistributions,” thepurposeof which is to speed
up computationswith complicatedunderlying“basis” distributions. Theseapproximationsare particularly useful
when (a) you are interestedin a basisdistribution for which it is time-consumingto computevalues,and(b) you
want to computelots of different valuesfrom this distribution without changingits parameters. In thesecases,
initializing the approximationdistribution will be a little slower thaninitializing the basisdistribution, but thenall
furthercomputationswill bemuchfasterwith theapproximation.

Someterminologyandnotationis usedin commonacrossall approximationdistributions. Eachapproximation
uses“bins”, which aresmall, nonoverlappingrangesof the dependentvariable. For example,a betadistribution is
definedover therangefrom 0.0to 1.0,andit mightbeapproximatedusing100bins: 0.00–0.01,0.01–0.02,. . . , 0.99–
1.00. The numberof bins (100 in this example)will be referredto as“NBins,” andthe width of eachbin will be
referredto as“W.” Of course,the approximationareslower to computebut moreaccuratewith a larger numberof
bins(smallerW). I find that200–300binsis usuallyenough,andthatwith approximatelysymmetricdistributionsit is
generallybetterto useanoddnumberof bins.

In practice, it may be somewhat tricky to decidewhich is the bestapproximationto use with a given basis
distribution. I know of nosurestrategyotherthantrial anderror, butoffer somecommentsonthedifferentapproximations
basedon my limited experiencewith them.

ApprPolygon(RV) This is a continuousapproximationthatcanbeusedonly for a continuousbasisdistribution, RV.
In brief, thePDFof theapproximationdistribution is a setof NBins straightlines,matchedto theheightof the
basisdistribution’sPDFat thebin’sedges(furtherdetail is givenbelow). For example,

ApprPolygon(Convolution(Normal(0,1),Beta(2,2)),201)
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approximatesthespecifiedconvolutionwith a setof 201straightlines.

ApprFr eqPolygon(RV) This is a continuousapproximationthatcanbeusedonly for acontinuousbasisdistribution,
RV. In brief, thePDFof theapproximationdistributionis a setof NBins straightlines,matchedto theheightof
thebasisdistribution’sPDFat thebin’scenters.For example,

ApprFreqPolygon(Convolution(Normal(0,1),Beta(2,2)),201)

approximatesthespecifiedconvolutionwith a setof 201straightlines.

This is my preferredtypeof approximation.It is generallyquite accurate,andit is oftenmuchfasterthanthe
otherapproximations.

Detailsof construction.

Step1: Thefirst line startsat !#" =minimum(of thebasisdistribution)with heightPDFat thatpointandgoesto!�$ =minimum+W/2with heightPDF=Basis.PDF(!�$ ). Thesecondline continuesfrom theendof thefirst
line to the point with !&% =minimum+1.5*WandheightPDF=Basis.PDF(!'% ). And so on, with thefinal
line segmentendingat themaximumof thebasisdistributionandPDFat themaximum.

Step2: ThePDFjust constructedis integrated,andtheheightsarescaledup or down appropriatelysothatthe
totalareais 1.00.

ApprHistogram(RV) This is a continuousapproximationthatcanbeusedfor eithera discreteor a continuousbasis
distribution, RV. In brief, thePDFis of theapproximationdistributionis a setof NBins flat lines,asif thebasis
distributionwereuniformwithin eachbin (like in a histogram).For example,

ApprHistogram(Convolution(Normal(0,1),Beta(2,2)),201)

approximatesthespecifiedconvolutionwith a setof 201binswith equalprobabilitywithin eachbin.

This approximationis moregeneralthanApprPolygon,becauseit canbeusedwith discretedistributions,and
it is lesssensitive to abruptly-changingPDFs.But it is usuallyslower to constructinitially , andit is oftenmuch
slower to do any computationswith. ThePDFhasdiscontinuitiesat thebin boundaries(unlike ApprPolygon),
andthesemakenumericalintegrationsconvergemoreslowly.

Detailsof construction. TheCDF of thebasisdistribution is computedat the top andbottomof eachbin, and
from thesethebin probability is computed.Then,theheightof theuniform approximationPDFwithin thatbin
is adjustedto give this bin probability.

ApprBinCen(RV) This is adiscreteapproximation,andit canbeusedtoapproximateeitheradiscreteor acontinuous
basisdistribution, RV. In brief, theapproximationassumesthatall of theprobabilitymassis concentratedin a
singlepoint at the centerpoint of eachbin; moreover, any valuein the bin is treatedasif it werethat center
point.

Detailsof construction. TheCDF of thebasisdistribution is computedat the top andbottomof eachbin, and
from thesethe bin probability is computed.All of this probability massis assignedto the valueat the center
of thebin. For purposesof PDFandCDF computations,all valueswithin a bin aretreatedasequivalentto the
center.

Using CUPID, approximationscan be written out to files and readin from files. This is useful for saving the
time-consuminginitialization phaseif you wantto returnto anapproximationlater, andit alsoallowsyou to prepare
yourown approximationdistributionsseparatelyandthenimport theminto RandGenfor furtheranalysis.

To write thecurrentapproximationfrom within CUPID, usethecommandBinsWrite(FileName). To read
theapproximationbackin, usethecommandBinsRead(FileName). Theformatof theapproximationfile is just
thesameasthat for thebin-baseddistributionsdescribedin theprevious section,with oneexception: Thevery first
line of thefile containsthenameof thebasisdistribution.
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5.7 Construction Distrib utions

Giventheapproximationdistributionsdescribedin theprevioussection,it seemednaturalto includeanothertypeof
approximationdistribution that I call “constructiondistributions.” Theseareapproximationdistributionsconstructed
simply by tabulating many calls to the randomnumbergeneratorfor any arbitrarydistribution. I have found them
usefulmostly in my own simulationwork, whereI know how to write an RNG for thevariablethat I am interested
in but I don’t really know anything elseabouthow to characterizeit. In thesesituations,I have found it convenient
to constructanapproximationto thetruedistributionby calling theRNG many timesandtabulatingtheresults.The
constructiondistributionssimplyautomatethisprocess.I imaginethatthey will bevaluableonly to programmerswho
cancompiletheir own RNGsourcecodeusingtheseroutines,but I describethemherefor completeness.

Therearethreetypesof constructiondistributions:

ConsHistogramRV A constructedHistogramRV usedto approximateabasisdistribution.

ConsFreqPolygonRV A constructedFreqPolygonRV usedto approximatea basisdistribution.

ConsBinCenRV A constructed: BinCenRV usedto approximatea basisdistribution.

Notethatno constructedPolygonRV exists.

5.8 Distrib utions Arising in Connectionwith SignalDetectionTheory

In addition to the above standardandderived distributions, I have addeda few distributions that correspondedto
particularprojectsI happenedto be working on. Thedistributionsdescribedin this sectionarisein connectionwith
signaldetectiontheoryexperiments,andwill be of interestto somepsychophysicistsandperhapsengineers.If you
don’t know what signaldetectiontheory is, then it is unlikely that you will careaboutthese. Note: Theseareall
discretedistributions,aseachreflectsthe outcomeof oneor two binomial-typeconditionswith a finite numberof
trials.

Zfr omP(SampleSize,TrueP,Adjust) Thisis thediscretedistributionof ( , whichis derivedfromthebinomialdistribution
asfollows:

1. For any samplefrom a Binomial()+*-, ), convert thenumberof successes. to theprobability of success,/#0 .21�) . If /#354 , set /63 Adjust1�) ; if /#387 , set /6397�: Adjust1
) . “Adjust” is a parameterbetween
0 and1, specifiedby theuser, to indicatehow theextremedatavaluesshouldbetreated.

2. Find ( suchthat /#35;=<
>@?'A (CB , where ? is a randomvariablehaving thestandardnormaldistribution.

APrime(NSignalTrials,PrHit,NNoiseTrials,PrFalseAlarm) Thisis thedistributionof thesampleDCE computedfrom
anexperimentwith NSignalTrialssignaltrialseachhaving thespecifiedtrueprobabilityof ahit, andNNoiseTrials
noisetrials eachhaving thespecifiedtrueprobability of a falsealarm. Specifically, DCE is thedistribution-free
estimateof theareaundertheROCcurve computedusingEquations2 and9 of AaronsonandWatts(1987).

APrimeSym(NTrials,PC) This is a shortcutfor the previous distribution that can be usedwhen thereare equal
numbersof signalandnoisetrials andwhenthe probability of a correctresponse(hit or correctrejection)is
thesamefor bothsignalandnoisetrials.

YNdPrime(NSignalTrials,PrHit,NNoiseTrials,PrFalseAlarm,Adjust) Thisis thedistributionof thesample FG E computed
fromanexperimentwith NSignalTrialssignaltrialseachhaving thespecifiedtrueprobabilityof ahit, NNoiseTrials
noisetrials eachhaving the specifiedtrue probability of a falsealarm,andusing the Adjust factor (between
0 and 1) to correctcaseswith 0% or 100% hits or false alarms(e.g., replace0 hits with Adjust hits, and
replaceNSignalTrials hits with [NSignalTrials - Adjust] hits). Programmingnote: If PDFsare requested,
this distribution is implementedusing the List (smallersamples)andAppApprCen(larger samples)random
variables.

YNdPrimeSym(NTrials,TrueDP,Adjust) Thisis thespecialcaseof YNdPrimein whichNSignalTrials= NNoiseTrials
andPr(Hit) = 1 - Pr(FA). Notethatthesecondparameteris thetrue

G E ratherthanthehit probability.
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Figure1: Threebivariaterandomsamplesgeneratedusingthe threeavailablebivariatestructures.In eachpanel,the
marginal distributionsof H and I areuniform(0,1),andtheunderlyingtruecorrelationof H and I was0.8.
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6 Overview of Bivariate Probability Distrib utions

Thissectionprovidesa brief overview of bivariateprobabilitydistributions,andit canprobablybeskippedby readers
alreadyfamiliar with this topic. Thenext sectiondescribesthethreebivariatestructuresavailablewithin thisprogram.
Theoneavailablemultivariate(3+ variables)structureis thenormal,andit is in every wayanalogousto thebivariate
normalstructuredescribedhere.If yougetlost readingthefollowingsection,it mightbehelpfulto comebackandread
thisone.If youwould like furtherinformation,youmightalsoconsultBradley andFleisher(1994)or Miller (1998)—
somerelatively non-technicalreferencesaboutgeneratingcorrelatedrandomnumberswith non-normaldistributions.

A bivariateprobabilitydistributioncanbethoughtof asasetof possibleJ�HLKMI&N pairswith anassociatedprobability
of eachpair. Thebivariateprobability distribution uniquelydeterminesboth the marginal distributions of H and I
(i.e., the univariatedistribution of eachoneignoring the other)andthe correlationof H and I . The reverseis not
necessarilytrue,however; givena pair of desiredmarginal distributionsfor H and I anda desiredvalueof the HOI
correlation,youcan’t alwayssolve for theunderlyingbivariateprobabilitydistribution.Theremaybeinfinitely many
bivariatedistributionsconsistentwith thosemarginalsandthatcorrelation.

This leadsto a problem: Supposeyou want to run somesimulationswith given marginal distributionsandsee
how themodelbehaveswhentherandomvariablesarecorrelated(sayata correlationof -0.2,which seemsintuitively
plausibleto you). Theproblemis that(for mostmarginal distributions)you have not yet uniquelyspecifiedwhatyou
wantto do,becausethereareinfinitely many bivariatedistributionsconsistentwith your constraints.

This programallowsyou to chooseamongthreedifferentbivariatestructures,describedin thenext section.Each
onegivesyou the marginalsyou request,but usesa differenttechniqueto give you the correlationyou want. With
luck, oneof theavailablestructuresmayseemto capture,at leastapproximately, thesourcesof correlationthat you
imagineareoperatingin yoursituation.

7 Available Bivariate/Multi variate Structur es

This programimplementsthree different bivariate structures,and theseare illustrated with the randomsamples
displayedin Figure1. I would be happyto have suggestionsfor othergeneralstructuresto add. Only the normal
structurecanbe usedwhengeneratingthreeor morevariables(notethat this doesnot meanthat themarginalsmust
benormal).



7 AVAILABLE BIVARIATE/MULTIVARIATE STRUCTURES 23

To definethesestructuresmore formally, let PRQ and PTS be the cumulative marginal distributionsof U and V ,
respectively.

7.1 Normal

Onebivariatestructureis a transformationof thebivariatenormaldistribution. With thisstructure,eachWXULYZV&[ pair is
generatedasfollows:

1. A pair W@\ Q Y]\ S [ is generatedrandomly from a bivariatenormal distribution with marginal meansof zero,
marginal standarddeviationsof one,anda prespecifiedcorrelation̂ .

2. The pair W@_RQ`Y]_TSa[ is computed,where _TQ and _TS are the cumulative probabilitiesin the standardnormal
distributionassociatedwith \=Q and \=S , respectively.

3. U is takenas P'bTcQ Wd_TQ�[ , and V is takenas P'bRcS W@_TS�[ .
It can be seenthat this methoddoesindeedproducethe desiredmarginals for U and V ; _TQ and _RS are both

uniformly distributedbetweenzero and one by construction,so the different valuesof U and V occur with the
desiredmarginal probabilities.Moreover, the correlationof U and V will have the samesign as ^ , althoughit will
not necessarilyhave the samemagnitude.As describedbelow, the valueof ^ canbe adjustedto obtainthe desired
numericalvaluefor thecorrelationbetweenU and V , asdescribedin section7.5.

Thenormalstructurecanbegeneralizedto threeor morerandomvariables,andthis techniquehasbeendiscussed
somein the literatureon operationsresearch(e.g., Cario & Nelson, 1997; Ghosh& Henderson,2002). In that
literature,it is referredto as the NORTA (“normal to anything” method). Unfortunately, the NORTA methoddoes
notalwayssucceed.Thatis, sometimesit doesnotfind anappropriatecorrelationmatrixeventhoughtheredoesexist
a multivariatedistributionwith thedesiredproperties.For furtherinformation,seeGhoshandHenderson(2002).

7.2 Mixtur e

A secondbivariatestructureusesa mixtureof maximallycorrelatedpairsanduncorrelatedpairs4. With thisstructure,U is randomly generatedfrom its marginal distribution. Then, with a preselectedprobability e , V is takenasP'bTcS WdPTQfW�UL[M[ (or, if a negative correlationis desired,as PgbRcS WZh
i�PTQfWXUL[Z[ ). With probability h�ije , however, V
is chosenfrom its marginal distribution independentlyof U .

Again, themethodproducesthecorrectmarginals. U is chosendirectly from its desiredmarginaldistribution,andV is simply a mixtureof two differentcases,eachof which hasthedesiredmarginal distribution for V . Thestrength
of thecorrelationbetweenU and V is controlledby thevalueof themixtureprobability e , which maybeadjustedto
obtainthedesiredcorrelation,asdescribedin section7.5.

7.3 Bands

The third bivariatestructuredivideseachmarginal probability distribution into percentileregionsor “bands.” With
four bands,for example,eachdistribution is divided into bandsfrom 0-25%,25-50%,50-75%,and75-100%. U
is generatedrandomlyfrom its marginal distribution, andtheprogramdetermineswhich band U camefrom. ThenV is generatedrandomlyfrom thesamebandif a positive correlationis desired,andfrom thecomplementaryband
for a negative correlation(i.e., if onebandgoesfrom k to l %, thenthe complementarybandgoesfrom WMh�m�mniolp[
to WMh�m�mniqkr[ %). This structurealsoyields the desiredmarginals. U is generateddirectly from its marginal, and V
is generatedfrom oneof a setof equally likely bandswithin its marginal. The strengthof the correlationbetweenU and V increaseswith thenumberof bands,which canbeadjustedto give thedesiredcorrelation,asdescribedin
section7.5.

A limitation of the bandstructureis that with an integral numberof bandsit may not be possibleto producea
desiredcorrelation. With normalandexponentialmarginals, for example,the correlationis 0.555with two bands
and0.697with threebands,soan intermediatecorrelationcouldnot be producedwith an integral numberof bands.
To overcomethis limitation, the bandtechniquewasgeneralizedto usea mixture of differentnumbersof bandsto

4This structurewassuggestedto me by Dr. Ellen Hertz of the NationalHighway Traffic SafetyAdministration,United StatesDepartmentof
Transportation.
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generatedifferent s�tLuMv'w pairs. For example,if two bandsareusedwith probability 0.6 andthreebandsareused
with probability 0.4, thenthe overall correlationis 0.612. In fact, any intermediatecorrelationcanbe producedby
adjustingthis probability. By convention,then,the programallows the numberof bandsto be a real numberrather
thanan integer, andit usesthe real part to determinetheprobabilitiesof thesmallerversuslargernumberof bands.
Therealnumbercanbethoughtof astheexpectednumberof bands:4.3bands,for example,meansthereare4 bands
with probability0.7and5 bandswith probability0.3.

7.4 RhoController

In therestof this documentation,it is convenientto have a genericnamefor theparametercontrollingstrengthof the
correlation,andI will usetheterm“RhoController” for this purpose.Themeaningof RhoControllerdependson the
bivariatestructure,asfollows:

Structure Meaningof RhoController
Normal Correlationx betweenunderlyingnormalrandomvariables.
Mixture Probability y of generatinga perfectlycorrelatedpair.
Bands Thenumberof bands.

Notethatthevalueof RhoControlleris monotonicallyrelatedto the t+v correlation,but is not usuallyequalto it.

7.5 How RhoController is Adjusted

If requestedto do so,RandGenwill adjustthevalueof RhoController to try to producea givendesiredcorrelationin
theunderlyingbivariatedistribution. For example,theusermayrequesttwo underlyingexponentialmarginalswith a
bivariatemixturestructure,andmayinstructRandGento adjustthemixtureprobabilityto attaina truecorrelationof
(say)0.6in theunderlyingbivariatedistribution. In thatcase,RandGenwill adjustthevalueof RhoControllerusinga
simplenumericalsearchalgorithm,trying to find a valueof themixtureprobabilitythatproducesthedesiredbivariate
correlationof 0.6.

Duringthenumericalsearch,RandGencomputesthetruecorrelationproducedbyeachcandidatevalueof RhoController
usingan z|{}z grid approximationof thebivariatedistribution,where z is theuser-specifiednumberof stepsused
to approximateeachdistribution. If the userspecifiesthat eachdistribution shouldbe approximatedby 100points,
for example,RandGenuses100equally-spacedpercentilepointsof the t distribution (i.e., at percentilesof 0.5%,
1.5%,. . . , 99.5%). For eachof thesepoints,it computes100equally-spacedpercentilepointsof the v distribution
conditionalon thatvalueof t . In total, then,it computes~����n{�~���� ( tLuZv ) pairs,andcomputesthenumericalvalue
of the correlationasif thesewereall the possiblepairs in the bivariatedistribution andas if they wereall equally
likely. This is usuallyquitea goodestimateof thetruebivariatecorrelationobtainedwith thatvalueof RhoController,
aslongasthegrid approximationis OK.

8 TechnicalNotes

8.1 Installation

No specialinstallationis required.You cansimply run RandGenin thedirectoryto which you unzippedit, or copy
RandGen.EXEto any directoryin yourDOSpath.

8.2 Underlying RNG

Thebasicrandomnumbergeneratorunderlyingall of thedistributionsis theuniformgeneratorknown astheMersenne
Twister, asdescribedby MatsumotoandNishimura(1998).

8.3 Checking RandGen

With any new desireddistribution, it is a goodideato checkRandGenby generatinga largesample(say1,000,000)
andcheckingthesummaryoutputfile. Thechi-squaretestsof themarginalsshouldgivereasonablevalues(y ’snot too
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small),andtheobservedcorrelationshouldbecloseto thedesiredtrueone. If you find a problem,pleasee-mailme
theinput file.

8.4 Corr elationsinvolving DiscreteDistrib utions

The methodsdescribedin section7 assumethat � and � arecontinuousdistributions. With discretedistributions,
RandGenusestheverysamecomputationalmethods,involving �T� , �R� , �'�T�� , and �g�R�� , asit doesfor continuousones.
This meansthat for discretedistributionstheRhoControlleradjustmentprocessmaygive a poorerapproximationto
thedesired“true” correlationsthanit doeswith continuousdistributions.Youshouldthereforebeespeciallycarefulto
checkthe“true” correlationwhenusingoneor morediscretedistributions.

8.5 Interfacing RandGento a Simulation Program

Themainproblemin usingRandGento generaterandomnumbersfor oneof yourown simulationprogramsis to give
your programaccessto the randomnumbers.I know of only two solutionsto this problem;neitheris particularly
fast in termsof computertime, but they maysave theall-importantprogrammertime, comparedto codingyour own
random-numbergeneratorsfrom scratch.

Thesimplersolutionis to useRandGento generatealargediskfile of randomnumbersfromthedesireddistribution,
andthenstartup your programandlet it readthe randomnumbersfrom the file. This solutionworkswell enough
providedthat (a) thedesireddistributionscanbespecifiedbeforeyou startrunningyour simulationprogram,and(b)
yourprogramneedsfew enoughrandomnumbersthatyoucanconvenientlystorethemall in a diskfile.

The morecomplex solutionis not subjectto eitherof theseconstraints,but requiresa little moreprogramming
effort. To usethis solution,your programmustinvokeRandGenasanexternalprogram.In Pascal,for example,the
syntaxfor thiswouldbesomethinglike:

Exec(’RandGen.EXE’,’RootFileName’);

This would startRandGenwith thecommand-lineparameterin thesecondstring. (All theprogramminglanguagesI
know of allow youto startanexternalprogramfrom within yourown program,soI assumethis is generallypossible.)
Of courseyour programwouldhave to have alreadywritten thecontrolfile calledRootFileName.In,with thedesired
specifications;this shouldnot be too difficult, however, sinceit is a pretty straightforwardASCII file. Using this
approach,theideais to generateanappropriatebatchof randomnumbersto afile RootFileName.Dat,readtherandom
numbersfrom that file, generatea new batch,andso on. Sinceyou canwrite the input file within your simulation
program,you cangeneratethe randomnumbersfrom whatever distribution the programselectsat run-time,andof
courseyou canusedifferentdistributionson successive calls to RandGen.And you cangeneraterandomnumbers
in batchesof any convenientsize. Of course,whenusingthis strategy your programhasto keeptrackof how many
numbersit hasreadfrom theDatfile, sothatit will know whento generateanotherbatch.

A useful trick is available if you usethe morecomplex solution. By default,RandGengenerallyasksfor user
confirmationbeforewriting over an existing file (exceptit will overwrite the*.Dat outputfiles without askingwhen
NFiles is greaterthan1). That meansthat your programwould have to deletethe old outputfiles beforeRandGen
will generatea new batchof randomnumbers,or elseyou would have to babysitthe simulationsandprovide user
confirmationeachtimeanew batchwasgenerated.Thetrick is to useanexclamationpointasthefirst characterof the
rootfile name.If youdothat,RandGenwill (a)deletetheexclamationpoint from theinputandoutputfile names,and
(b) write theoutputto a file with theindicatedname,automaticallyoverwritingthefile if it alreadyexists.

8.6 Optimizing Speed

UsingRandGenwill addalittle overheadto yoursimulation,ascomparedwith yourprogrammingthedesiredrandom
numbergeneratoryourself.TheoverheadarisesbecauseyoumustinvokeRandGenasaseparateprogram,andbecause
it writes the randomnumbersto a file, from which your simulationprogrammust readthemin again. Despitethe
overhead,I believe thatRandGenwill beusefulto a numberof people,for threereasons:(a) theoverheadwill often
beanegligible proportionof thetotal computingneededfor thesimulation,and(b) it will beeasierto write anddebug
the simulationprogramin the first placeif this randomnumbergeneratortoolbox is used,and(c) computertime is
cheapandgettingcheaper.
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In any case,therearesomestrategies for minimizing the overheadwith RandGen.First, it is worth your while
to try differentordersfor your marginal distributions. With two distributions,for examples,you have marginals for�

and � . Thesetwo distributionsareusedslightly differentlywithin theprogram(seedescriptionsof computational
methodsfor thethreebivariatestructures),andsosometimesthespeedof randomnumbergenerationvariesdepending
on which variableyou call

�
andwhich you call � . For example,generatingrandomuniform numbersandrandom

valuesof Pearson’s � usingthemixture structure,it is fasterto let
�

be thePearsonand � bethe uniform thanthe
reverse.

A secondspeedissuearisesin connectionwith the searchprocessdescribedin section7.5. It is easyto see
that the time neededfor searchingincreaseswith the squareof the valueof the “numberof steps”approximation
parameterdescribedin section2.12. In practice,I have usuallyfound that100stepsis adequateto give quitea good
approximation,but nonethelessI usuallyuse200or even400stepsto err on thesideof slownessandaccuracy.

If you are interestedin searchspeed,you shouldplay arounda bit with the “numberof steps”parameter. For
example, do a first run with 50 steps,then otherswith 100, 200, and so on. For eachrun, note the value of
RhoControllerthat thesearchprocessconvergeson, holdingfixed the targetcorrelation,of course.As you increase
thenumberof steps,RhoControllershouldstabilizeto a relatively constantvalue;you canusetheminimumnumber
of stepsyielding this constantasymptoticvalue. My generalimpressionis that you needa lot of stepsonly with
distributionsthathave really extremetails,but I have not lookedcloselyat this question.

A third issueis thatfor reallycomplicateddistributionsit maybefastertouseoneof theapproximationdistributions
(seeCUPID documentation).The approximationdistributions takemoretime to setup, but thenthey canbe much
fasterto use,especiallywhenyouaregeneratingcorrelatedrandomnumbers.

8.7 Numerical Approximations

Onekey point is thatall distributionsarerepresentednumerically, with finite limits. RandGen’sversionof thestandard
normaldistribution, for example,goesfrom about-5.6 to 5.6, not from ��� to � . Similarly, therearenumerical
boundsfor all distributions(youcanfind outwhatboundsRandGenis usingby runningCUPIDandusingthefunctions
minimum andmaximum). In addition,RandGensometimeshasto changeboundsof naturallyboundeddistributions
in order to avoid numericalerrors. Gammadistributions, for example,startat 0.00001insteadof 0.0, becausethe
GammaPDFcannotbeevaluatedat 0.0.

Although it is very general,RandGenis not alwaysvery accurate.Many valuesareobtainedthroughnumerical
integration, and the resultscan be substantiallyoff in somepathologicalcases,due to the vagariesof numerical
approximationswith finite-precisionmath. The moralof the story is thatyou shouldcheckthevaluesthat you care
mostabout.Onegoodcheckis to makeveryminorchangesin parametervaluesandmakesurethattheresultschange
only slightly.

9 ReleaseHistory

Version1.0,calledBivar, wasreleasedon a limited basisin April 1997.
Version1.1, calledBivar, wasreleasedin August1997,with improveddocumentation,a revisedinterface,andsome
bug fixes.
Version1.2, calledRandGen,wasreleasedin March2000with theability to generatemorethantwo variablesusing
thenormalbivariatestructure.

10 Registration and Author Contact Addr ess

I would really like to receive feedbackon who is usingthis software,for what purposes.So, pleasee-mail me at
miller@otago.ac.nzif you foundthis softwareuseful. If you do, I will addyour nameto my mailing list andlet you
know aboutany new versions,bugs,or new programsthatmightinterestyou. If youusethissoftwarefor any published
research,I would greatlyappreciateit if you would acknowledgethesoftwarein your article(e.g.,in a footnote)and
email me a citation to the articleor, betteryet, sendme a reprint. Of courseI would alsowelcomebug reportsand
suggestionsfor improvement,too,althoughI can’t promiseany fastactiononthose.

Hereis how to contactme:
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Prof Jeff Miller
Departmentof Psychology
Universityof Otago
Dunedin,New Zealand
email: miller@otago.ac.nz
FAX: (64-3)-479-8335

11 OS/2Versions

I will happilyprovide executableOS/2versionsof this softwareto otherswho still usethis operatingsystem,asI do
myself. Theonly differencefrom theversionsdescribedin this documentationis thatthe“SET CUPID=C:� CUPID”
command(if needed)goesin theconfig.sysfile ratherthantheautoexec.batfile. (Don’t forgetyou have to shutdown
andrebootfor this to takeeffect.)
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14 SoftwareLicense

GNU GENERAL PUBLIC LICENSE
Version2, June1991
Copyright(C) 1989,1991FreeSoftwareFoundation,Inc. 675MassAve,Cambridge,MA 02139,USA
Everyoneis permittedto copyanddistributeverbatimcopiesof this licensedocument,but changingit is not allowed.

14.1 Preamble

The licensesfor most softwareare designedto takeaway your freedomto shareandchangeit. By contrast,the
GNU GeneralPublicLicenseis intendedto guaranteeyour freedomto shareandchangefreesoftware–tomakesure
thesoftwareis free for all its users.This GeneralPublic Licenseappliesto mostof the FreeSoftwareFoundation’s
softwareandto any otherprogramwhoseauthorscommitto usingit. (SomeotherFreeSoftwareFoundationsoftware
is coveredby theGNU Library GeneralPublicLicenseinstead.)You canapplyit to your programs,too.

Whenwespeakof freesoftware,wearereferringto freedom,notprice.Our GeneralPublicLicensesaredesigned
to makesurethatyou have thefreedomto distributecopiesof freesoftware(andchargefor this serviceif you wish),
that you receive sourcecodeor canget it if you want it, that you canchangethe softwareor usepiecesof it in new
freeprograms;andthatyouknow youcando thesethings.

To protectyour rights, we needto makerestrictionsthat forbid anyone to deny you theserights or to askyou
to surrenderthe rights. Theserestrictionstranslateto certainresponsibilitiesfor you if you distributecopiesof the
software,or if you modify it.

For example,if you distributecopiesof sucha program,whethergratisor for a fee,you mustgive the recipients
all therightsthatyouhave. You mustmakesurethatthey, too,receive or cangetthesourcecode.And youmustshow
themthesetermssothey know their rights.

We protectyour rightswith two steps:(1) copyrightthesoftware,and(2) offer you this licensewhich givesyou
legalpermissionto copy, distributeand/ormodify thesoftware.

Also, for eachauthor’s protectionandours,we want to makecertainthat everyoneunderstandsthat thereis no
warrantyfor this freesoftware.If thesoftwareis modifiedby someoneelseandpassedon, we want its recipientsto
know thatwhatthey have is not theoriginal,sothatany problemsintroducedby otherswill not reflecton theoriginal
authors’reputations.

Finally, any freeprogramis threatenedconstantlybysoftwarepatents.Wewishtoavoid thedangerthatredistributors
of a freeprogramwill individually obtainpatentlicenses,in effect makingtheprogramproprietary. To prevent this,
we have madeit clearthatany patentmustbelicensedfor everyone’s freeuseor not licensedatall.

Theprecisetermsandconditionsfor copying,distributionandmodificationfollow.

14.2 Terms of License

GNU GENERALPUBLIC LICENSE
TERMSAND CONDITIONSFORCOPYING,DISTRIBUTION AND MODIFICATION

0. ThisLicenseappliesto any programor otherwork whichcontainsanoticeplacedby thecopyrightholdersaying
it maybedistributedunderthetermsof thisGeneralPublicLicense.The”Program”,below, refersto any suchprogram
or work,anda”work basedontheProgram”meanseithertheProgramor any derivativeworkundercopyrightlaw: that
is to say, a work containingtheProgramor a portionof it, eitherverbatimor with modificationsand/ortranslatedinto
anotherlanguage.(Hereinafter, translationis includedwithout limitation in theterm”modification”.) Eachlicenseeis
addressedas”you”.

Activities otherthancopying,distribution andmodificationarenot coveredby this License;they areoutsideits
scope.Theactof runningtheProgramis not restricted,andtheoutputfrom theProgramis coveredonly if its contents
constitutea work basedon theProgram(independentof having beenmadeby runningtheProgram).Whetherthatis
truedependson whattheProgramdoes.
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1. You maycopyanddistributeverbatimcopiesof theProgram’s sourcecodeasyou receive it, in any medium,
providedthatyouconspicuouslyandappropriatelypublishoneachcopyanappropriatecopyrightnoticeanddisclaimer
of warranty;keepintactall thenoticesthatreferto thisLicenseandto theabsenceof any warranty;andgiveany other
recipientsof thePrograma copyof thisLicensealongwith theProgram.

You may charge a fee for the physicalact of transferringa copy, and you may at your option offer warranty
protectionin exchangefor a fee.

2. You maymodify your copyor copiesof the Programor any portion of it, thusforming a work basedon the
Program,andcopyanddistributesuchmodificationsor work underthe termsof Section1 above, providedthat you
alsomeetall of theseconditions:

a) You mustcausethemodifiedfiles to carryprominentnoticesstatingthatyou changedthefiles and
thedateof any change.

b) You must causeany work that you distribute or publish, that in whole or in part containsor is
derivedfrom theProgramor any part thereof,to be licensedasa wholeat no charge to all third parties
underthetermsof this License.

c) If themodifiedprogramnormallyreadscommandsinteractively whenrun,youmustcauseit, when
startedrunningfor suchinteractive usein the mostordinaryway, to print or displayan announcement
includinganappropriatecopyrightnoticeanda noticethat thereis no warranty(or else,sayingthatyou
provideawarranty)andthatusersmayredistributetheprogramundertheseconditions,andtelling theuser
how to view a copyof this License.(Exception:if theProgramitself is interactivebut doesnotnormally
print suchanannouncement,your work basedon theProgramis not requiredto print anannouncement.)

Theserequirementsapply to the modifiedwork asa whole. If identifiablesectionsof thatwork arenot derived
from theProgram,andcanbereasonablyconsideredindependentandseparateworksin themselves,thenthisLicense,
andits terms,do not applyto thosesectionswhenyoudistributethemasseparateworks.But whenyou distributethe
samesectionsaspartof a wholewhich is a work basedon theProgram,thedistributionof thewholemustbeon the
termsof this License,whosepermissionsfor otherlicenseesextendto the entirewhole,andthusto eachandevery
partregardlessof who wroteit.

Thus,it is not theintentof thissectionto claimrightsor contestyourrightsto work writtenentirelyby you;rather,
theintentis to exercisetheright to controlthedistribution of derivativeor collectiveworksbasedontheProgram.

In addition,mereaggregationof anotherwork not basedon theProgramwith theProgram(or with a work based
ontheProgram)onavolumeof astorageor distributionmediumdoesnotbring theotherwork underthescopeof this
License.

3. You maycopyanddistributetheProgram(or a work basedon it, underSection2) in objectcodeor executable
form underthetermsof Sections1 and2 above providedthatyoualsodo oneof thefollowing:

a) Accompany it with the completecorrespondingmachine-readablesourcecode,which must be
distributedunderthetermsof Sections1and2 aboveonamediumcustomarilyusedfor softwareinterchange;
or,

b) Accompany it with awrittenoffer, valid for at leastthreeyears,to giveany third party, for acharge
no morethanyour costof physicallyperformingsourcedistribution, a completemachine-readablecopy
of thecorrespondingsourcecode,to bedistributedunderthetermsof Sections1 and2 aboveonamedium
customarilyusedfor softwareinterchange;or,

c) Accompany it with theinformationyou received asto theoffer to distributecorrespondingsource
code. (This alternative is allowed only for noncommercialdistribution and only if you received the
programin objectcodeor executableform with suchanoffer, in accordwith Subsectionb above.)

Thesourcecodefor awork meansthepreferredform of thework for makingmodificationsto it. For anexecutable
work, completesourcecodemeansall the sourcecodefor all modulesit contains,plus any associatedinterface
definitionfiles, plus thescriptsusedto control compilationandinstallationof theexecutable.However, asa special
exception,thesourcecodedistributedneednot includeanything thatis normallydistributed(in eithersourceor binary
form) with themajorcomponents(compiler, kernel,andsoon) of theoperatingsystemon which theexecutableruns,
unlessthatcomponentitself accompaniestheexecutable.

If distribution of executableor object codeis madeby offering accessto copy from a designatedplace, then
offeringequivalentaccessto copythesourcecodefrom thesameplacecountsasdistributionof thesourcecode,even
thoughthird partiesarenotcompelledto copythesourcealongwith theobjectcode.



14 SOFTWARE LICENSE 30

4. Youmaynotcopy, modify, sublicense,ordistributetheProgramexceptasexpresslyprovidedunderthisLicense.
Any attemptotherwiseto copy, modify, sublicenseor distributetheProgramis void, andwill automaticallyterminate
your rightsunderthisLicense.However, partieswhohave receivedcopies,or rights,from youunderthisLicensewill
nothave their licensesterminatedsolongassuchpartiesremainin full compliance.

5. You arenot requiredto acceptthis License,sinceyou have not signedit. However, nothingelsegrantsyou
permissionto modify or distributetheProgramor its derivativeworks. Theseactionsareprohibitedby law if you do
not acceptthis License. Therefore,by modifying or distributing the Program(or any work basedon the Program),
you indicateyour acceptanceof this Licenseto do so, andall its termsandconditionsfor copying,distributing or
modifying theProgramor worksbasedon it.

6. EachtimeyouredistributetheProgram(or any workbasedontheProgram),therecipientautomaticallyreceives
a licensefrom the original licensorto copy, distributeor modify theProgramsubjectto thesetermsandconditions.
You may not imposeany further restrictionson the recipients’exerciseof the rights grantedherein. You are not
responsiblefor enforcingcomplianceby third partiesto thisLicense.

7. If, asaconsequenceof acourtjudgmentor allegationof patentinfringementor for any otherreason(not limited
to patentissues),conditionsareimposedon you (whetherby courtorder, agreementor otherwise)thatcontradictthe
conditionsof thisLicense,they donotexcuseyoufrom theconditionsof thisLicense.If youcannotdistributesoasto
satisfysimultaneouslyyour obligationsunderthis Licenseandany otherpertinentobligations,thenasa consequence
youmaynotdistributetheProgramatall. For example,if apatentlicensewouldnotpermitroyalty-freeredistribution
of theProgramby all thosewhoreceive copiesdirectlyor indirectly throughyou, thentheonly wayyoucouldsatisfy
bothit andthisLicensewouldbeto refrainentirelyfrom distributionof theProgram.

If any portionof thissectionis heldinvalid or unenforceableunderany particularcircumstance,thebalanceof the
sectionis intendedto applyandthesectionasa wholeis intendedto applyin othercircumstances.

It is not thepurposeof thissectionto induceyouto infringeany patentsor otherpropertyright claimsor to contest
validity of any suchclaims;thissectionhasthesolepurposeof protectingtheintegrity of thefreesoftwaredistribution
system,which is implementedby public licensepractices.Many peoplehavemadegenerouscontributionsto thewide
rangeof softwaredistributedthroughthat systemin relianceon consistentapplicationof that system;it is up to the
author/donorto decideif he or sheis willing to distributesoftwarethroughany othersystemanda licenseecannot
imposethatchoice.

Thissectionis intendedto makethoroughlyclearwhatis believedto bea consequenceof therestof this License.
8. If thedistributionand/oruseof theProgramis restrictedin certaincountrieseitherby patentsor by copyrighted

interfaces,theoriginal copyrightholderwho placestheProgramunderthis Licensemayaddanexplicit geographical
distribution limitation excludingthosecountries,sothatdistribution is permittedonly in or amongcountriesnot thus
excluded.In suchcase,thisLicenseincorporatesthelimitation asif written in thebodyof this License.

9. The FreeSoftwareFoundationmay publishrevisedand/ornew versionsof the GeneralPublic Licensefrom
time to time. Suchnew versionswill besimilar in spirit to thepresentversion,but maydiffer in detail to addressnew
problemsor concerns.

Eachversionis givena distinguishing versionnumber. If theProgramspecifiesa versionnumberof this License
which appliesto it and”any laterversion”, you have theoption of following the termsandconditionseitherof that
versionor of any laterversionpublishedby theFreeSoftwareFoundation.If theProgramdoesnot specifya version
numberof this License,you maychooseany versionever publishedby theFreeSoftwareFoundation.

10. If you wish to incorporatepartsof the Programinto other free programswhosedistribution conditionsare
different,write to theauthortoaskfor permission.For softwarewhichis copyrightedby theFreeSoftwareFoundation,
write to theFreeSoftwareFoundation;we sometimesmakeexceptionsfor this. Our decisionwill be guidedby the
two goalsof preservingthefreestatusof all derivativesof our freesoftwareandof promotingthesharingandreuseof
softwaregenerally.

NO WARRANTY
11. BECAUSETHE PROGRAM IS LICENSEDFREEOF CHARGE,THEREIS NO WARRANTY FORTHE

PROGRAM, TO THE EXTENT PERMITTEDBY APPLICABLE LAW. EXCEPTWHEN OTHERWISE STATED
IN WRITING THE COPYRIGHTHOLDERSAND/OR OTHER PARTIES PROVIDE THE PROGRAM ”AS IS”
WITHOUT WARRANTY OFANY KIND, EITHEREXPRESSEDORIMPLIED, INCLUDING, BUT NOT LIMITED
TO, THE IMPLIED WARRANTIESOFMERCHANTABILITY AND FITNESSFORA PARTICULAR PURPOSE.
THE ENTIRERISKASTO THEQUALITY AND PERFORMANCEOFTHE PROGRAMIS WITH YOU.SHOULD
THE PROGRAM PROVE DEFECTIVE,YOU ASSUMETHE COSTOFALL NECESSARY SERVICING, REPAIR
ORCORRECTION.
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12. IN NO EVENT UNLESS REQUIRED BY APPLICABLE LAW OR AGREED TO IN WRITING WILL
ANY COPYRIGHTHOLDER,OR ANY OTHER PARTY WHO MAY MODIFY AND/OR REDISTRIBUTETHE
PROGRAM AS PERMITTED ABOVE, BE LIABLE TO YOU FORDAMAGES,INCLUDING ANY GENERAL,
SPECIAL,INCIDENTAL OR CONSEQUENTIALDAMAGESARISING OUT OF THE USEOR INABILITY TO
USETHE PROGRAM (INCLUDING BUT NOT LIMITED TO LOSSOF DATA OR DATA BEING RENDERED
INACCURATE OR LOSSESSUSTAINED BY YOU OR THIRD PARTIES OR A FAILURE OF THE PROGRAM
TO OPERATE WITH ANY OTHER PROGRAMS),EVEN IF SUCH HOLDER OR OTHER PARTY HAS BEEN
ADVISED OFTHE POSSIBILITY OFSUCHDAMAGES.

END OFTERMSAND CONDITIONS


